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Abstract: - The Boundary Element Method is developed in its most simple form; for the solution of Laplace's equatio
in an interior domain with a straight line approximation to the boundary. The direct and indirect approaches to th .
boundary element method are included. The methods are developed in Freemat, a langnage similar to Matlab,

The codes for the solution of Laplace’s equation in a general domain with a general (Robin) boundary condition ar
developed. The codes are applicd to a typical test problem. The codes are made available as open source and can b
downloaded from wwyw .east-lancashire-research.org.uk (report AR-08-14).
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1 Introduction

The boundary element method (BEM) is an important
computational analysis technique that engineers and
scientists can apply to a range of problems. The purpose
of this ariicle and the accompanying software is to meet
the needs of scientists and engineers who are somewhat
unfamiliar with the BEM, but have an understanding of
numerical methods and computer programming, or
would like to apply the BEM to appropriate engineering
problems with minimal fuss,

The application of the boundary element method to
an appropriate scientific or engineering problem
essentially requires a mesh of the boundary of the
domain only, and the determination of the boundary
condition on the surface. The computational solution
then yields the approximate solution at selected points
in the domain. The BEM is generally more efficient to
apply and execute than competing methods, such as the
finite element or finite difference methods. Hence the
application of the BEM presents an attractive option to
scientists and engineers. The authors are developing an
MSc in Engineering Computation (at ELIHE
www.elilie.ac.uk ) and this package is expected to act as
a teaching aid on one of the modules in that course. A
simple notation is used to assist in the understanding of
the development of the BEM:

In this work, the so-called direct and indirect BEMs
for the solution of the interior Laplace equation are
developed. This is t}ge most straightforward problem to
which the BEM can be applied. Laplace’s equation also
models a number of physical phenomena, such as
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steady state heat conduction and electrostatics. There is
substantial recent rescarch on the application of the -
BEM to Laplace’s equation [1-8].

Over recent decades, Matlab [9] has become an
increasingly  important language for  scientific
computation. Freemat [10] is a freely available
alternative compiler for Matlab. All codes are
developed in Freemat, but they can be also used in the
Matlab environment. Matlab/Freemat is based on
Matrix arithmetic, allowing an economy of coding and
naturally allows parallel processing, if it is available. -
All software is open source and can be downloaded via

_ the websites [10-12].
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2 The Interior Laplace Equation

The Laplace equation is the simplest elliptic PDE. 1t is
one of the equations of potential theory and they have
been received extensive mathematical analysis. It also
serves as model elliptic equations for learning,
implementing and testing numerical methods. In this |
article we are using the Laplace equation in order to
motivate our understanding of the properties and.:
practice of the BEM. In this paper the BEM is™
developed to solve the two-dimensional ILaplace
Equation '

’o(p)  O’pp)
A + Byl =0 (peD)

or in the shorthand form;

Volp)=0 (peD) (1)
in an interior domain D, with an enclosing boundary S,
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as illustrated in figure 1. A boundary condition is
determined on S. For this work we assume that the
poundary condition is of the Robin or mixed form:

@) HHOL )= /@) BeS), @

i?p

where a(p), b(p) and f(p)are real-valued functions
defined on S only and 7, is the unit outward normal to

the boundary at p (assumed to be unique). The general
" poundary condition includes the Dirichlet (essential)
boundary condition (a(p) = L,&(p) = 0) and Neumann

(derivative) boundary condition (a(p) = 0,5(p) =1).

T )

i

Fig 1. Iiustration of the domain.

Together, the governing PDE within a domain (eg (1))
and the boundary condition (2) is called a boundary
value problem (BVP). The solution to such a problem is
principally the determination of ¢ (at points) in the
domain D, whether by analytic or numerical methods.

3 Integral Equation Reformulation

The first stage in the development of a BEM from a
boundary value problem (like (1)-(2)) is to rewrite the
partial differential equation as an integral equation,
Traditionally, there have been two ways of doing this;
the direcs method and the indirect method. In this
section we will go through the stages for developing the
integral equation formulations
3.1Green’s function

In order to do this it is useful to introduce an influence
Junction; a function that determines the effect at a point
q of a unit source at a point p, this function is also often
known as a Green’s function.

For the two-dimensional Laplace equation (1), the

Green’s function is known to be
-1

Gp,q)=—In(p—-q. 3
2r

The Green's function has the
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property VEG(p - q) =&(p—q) where 8 is the Dirac
delta function. §
3.2 Laplace Integral Operators

As a further set of building blocks, it is also useful to
define the set of Laplace infegral operators:

LS @) = [G, Q¢ (@S, (42)

M) = [FER D gy, , @)

L
¢ () = [Gp, ) (@S, =
w r
R0 gy,

OW

(4c).

r

a 0G(p,q)
(NG} (o3 w) = — [ 2L L (q)ds, @a)
owy on, _
where T is the whole or any part of S, ¢ is any real-
valued function, defined onT'.
When pel’, then we have the more particular form of

M and N:
MC) im,) == [, @S, =
1]

3Gm.G) »r (4e)

[For@ds,

¢ @n) = [P0 s, @
n, ¢ 0On,

Note that the derivative —a_cannot always be taken
on,
directly inside the integral in (4f), if we did then the
integral can be hypersingular, and therefore not defined
in the normal sense, when ¢=p. N is therefore not a true
integral operator, but belongs to the more general class
of pseudo-differential operators. For convenience, we
continue to refer to I,M,Mand N as integral operaiors,
but we will also keep the special case on N in mind.
Applying L and N to any function {, any boundary I
and any vector n, gives rise to a continuous function in
space. However the operators A/ and M have jump
discontinuities at the boundary.

lim, o (M} (- an,) = ®) = ML) (P) .

a)
lim, Lo {M'¢}r(p —an,,;np)+%é"(p) =

{M'SY(psn,)

where pel” and I is smooth at p.

(5b)
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3.3 Direct Method
The following cquation arises as a result of Green’s
second theorem

{Mp} s (p)—{Lv}s(p) = —¢(p) (peD). (62)
9¢(p)
a P
(5a}) in equation {63):

(Mg} 5 (p) ~ (v} 5 (p) = —%qo(p) (psS). (6b)

Given these equations, the method of solution would
involve solving (6b) with the boundary condition (2} in
order to find approximations o ¢ and v on the boundary
and then use equation (6a) to compute ¢ at any chosen
points in the domain.

However, there is one notable case when this method
will not work as well. In the case of a pure Dirichlet
boundary condition, (6a) is effectively a I'redholm
integral equation of the first kind. It is well known that
the numerical solution of first kind equations is not as
efficient as it is for the equivalent second kind equation
(which equation (6b) would otherwise be) [14].

We can easily introduce another equation, using the
Laplace integral operators, that will be useful to us.
Differentiating (6a) with respect to a vector w, gives:

{No) s (p; W)~ {M Vi (p;w) = —%wg(p) (peD). (7a)

For points p near the boundary, with n, being the
unique unit outward normal at p, then (7a) becomes

where v = . For points on S we apply the limit

Vobs @) (M s (oim,) = —22-(p) (peD)

on

»
(7b)
Moving the point p fo the surface and applying the limit
(5b) gives rise to the following equation on the surface:

Voo in,) - (M im,) == v) @

One disadvantage in using equation (8) as a basis for
solving the Laplace equation, is that it now contains the
hypersingular operator N, The other disadvantage is
that if we wish to solve the Neumann problem using
equation (8) then we have to solve over the operator N,
which leads to a similar loss of efficiency that is found
in solving first kind equations.

In order to avoid the problems with the Dirichlet
problem with equation (6b) al_ld the Neumann problem
with  equation (8),, a hybrid equation is
proposed

(M 42T+ f)}p) = (L + (M =D} (P) 0
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For suitable weighting parameter p, equation (9) forms
a suitable basis for solving the Robin BVP and the
special cases of the Dirichiet and Neumann BVPs.

Once approximations {o ¢ and v are found on the
boundary from equation (8) with the boundary
condition (2), we can use equation (6a) to determine and
approximation to ¢ for any point (p) in the domain.

3.4 Indirect Method

The alternative or indirect approach o obtaining an
integral reformulation of the PDE involves writing the
solution @ as a layer potential. The most cbvious way of
doing this is to write

@) = {Lo}s(p) (peDUS) (10a)

where o is a density function defined on §

It is possible to solve the Dirichlet problem from
equation (10a). This would normally involve finding o
on § by solving the integral equation (10a). However,
the same equation cannot be used for the Neumann
problem and, what is more, it requires solution to be
carried out over the first kind operator L.

By differentiating the equation (10a} with respect to
any vector w, we obtain

9. _ 0 gt
aw(p) aw{La}(p) {M'c}(p;w) (peD) (10b)

As p approaches the boundary and we take w=n,. and
on the boundary equation (10b) becomes

0 é]
=2 (p) = v(p) = ——{Lo}(p) =
on, on,

. {(peS) (10c)
{M'O'}(p;np)+50(p)

where the jump discontinuity (5b) has been included.

Equation (10c) relates v on § to ¢. Hence equation
(10c) can be used as a basis for solving the Neumann
problem. It is a second kind equation and so it is very
suitable as a basis for solution.

We do not have a more general solution method. To do
this let us introduce a hybrid single- and double-layer
potential: .

¢={La,}(p)+u{Mc,}(p) (peD) (11a)

where o, is a density function that depends on the
choice of p. By allowing the point p approach the
boundary §, equation (11a) becomes:

o= {La,,}(p)+y{Ma,,}(p)—§aﬁ(p) (peS) (11b)

For 10 equation (11b) is a suitable equation to solve
the Dirichlet problem since it is always a second-kind
integral equation. However, for the Neumann and more
general Robin problem it is useful to introduce another
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equation that is the outcome of differentiating equation
(11a), firstly with respect to any vector w:

99y 2
o ® == {Lo,}(p)+H B (Mo, }(p) (peD} .

(11c)
Allowing p to approach the boundary and w becomes
the unit outward normal to the boundary there gives the
following equations:

99 (p)= 0 {Ldp}(p)+#—§—{Map}(P)
on 0 on,
» » ! . (pes)
+i2[-0#(p)
(11d)

Using the operator notation, this give

W)= {M'o-,,}m)w{Na,,}(p)—iz‘-cr,,(p) . (peS)

(11e)

- Qubstituting the expressions for ¢ and v in equation

(11a) and (11b) into the general Robin boundary
condition (2) gives the following BIE:

{a(L+ (M ——1-1))+
1 2 (1)
pUM! +-2—I)+#N)}Gy(p) = f{p)

_ Equation (11e) is most suitable for the solution of the

classes of boundary conditions considered.

The indirect BEM involves solving (1ie¢) to return an
approximation to o, on the boundary. Equation (11a)
can then be employed to compute an approximation to ¢
in the domain 1.

4 The Discrete Operators

There is a variety of techniques for deriving the system
of linear equations from a given integral equation [13].
Collocation is one of the most straightforward and
popular and it is the one that we will be using.

4,1 Collocation

The application of collocation (o a BIE requires that the
boundary is represented by a set of panels. For example
a two dimensional boundary can be approximated by a
set of straight lines, as illustrated in figure 2.

In order to complete the discretisation of the integral
equations, the boundary functions also need to be
approximated on each panel. It is the characteristics of
the panel and the representation of the boundary
function on the panel that together define the element in
the BEM. By representing the boundary functions by a
characteristic form on each panel, the BIEs can be
simplified into a linéar system of equations. Most
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simply, the boundary functions can be approximated by
a constant on each panel. The collocation (or
representative) point is at thefeenfre of the panel (C
Ieollocation). The overall process is that of discretising
the integral operators and the methods for carrying this
out are covered in reference [16].

Fig 2. Illustration of the boundary divided into panels.

Let the ASj ( for j = 1,2, ., n) be the n panels that
represent an approximation to S in the method. We may

write S~ 8 =D AS; . (12)
j=
Following from equation (4a), we may write

(LY P) = [GE,a¢ (@A, =[G, @S,

$

K3
=3 [G,@¢@ds, = 3¢, [6@ads,
AS

F=h A j= I

= i(; {Le}ASj )

where in the final expression we have made the
approximation ¢ (q) = ¢, (2 constant) on the ™ panel

and e is the unit function. A similar discretisation can be
applied to the other integral operators

MC Y 0) = D6, Mebss, (@) (130)
Jet

(1@~ 36, (M s, @), (139

and (NG} (@) = D¢, Vel (@) (130)

For any point P, {Le}As, (p), {ME}ASJ (p),

{M'e} s, (p) and {Ne} s, (p) are termed the discrete

Laplace integral operators.
4.2 Simplifying the integrands.
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Writing G(p,q) as G(r) where 1=|r} and r=q-p, the
Green’s function (3) can be written as follows:

G(r) = %ln(r). (i4)

The derivatives of G with respect tor:

9 ~11
—G(r)=—- (15)and
5 G0)=o—— (15)an
o’ 11

—500) =5 (6)
2z

a 2
The normal derivatives of G:
6 _Gar
611 oF 6n
aG 3G or as)
Bn 8r on,
2 2 2 )
and@Gza_G o°r +8G6} ) (19)
anpanq or Bnpanq ort on 6
The normal derivatives of #;
SUBRLS R
c’inq ¥
2
anp I3
2
and o°r =~1(np 61 or
611p6nq r » 0N,

4.3 Evaluating the integrals

In most cases of evaluating the discrete integrals in
(13a-d), the integrand is continuous and can be
approximated most efficiently by Gaussian guadrature.
For the case in which p lies on the element of
integration, the infegral can be evaluated by a simple
formulae. Let the element A have length a-+b with the
point p lying a distance a from one end and a distance b
from the other, as illustrated in the figure 3.

76
a \wjb

Figure 3. A general element with the collocation point p
lying on the element.

In the case illustrated in figure 3 we can derive the
following expressions:

{Le}, (D) :i(a+bH'alogamblogb) ,
2z
{Me},(p) = 0, (23b) {M'e},(p) =0, (23¢c)

e @) == +3 | @234
A 27 a b

(23a)
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5 Matrices in the BEM

The BEM is derived by applying an integral equation
method to the appropriate BIE. The most
straightforward method to apply is that of collocation.

The initial development of the application of
collocation to give expressions for the discrete Laplace
operators is given in Section 5. To continue the
development, approximations to the (unknown)
boundary functions — whether that be ¢ and/or v in the
direct method, or ¢ in the indirect method — are
obtained by replacing the BIE by a matrix-vector
equation and then solving it. Approximations to ¢ in the
domain can then be found by direct integration.

In the collocation method, the general point p in the
BIE (e.g. equations (9) for the direct method or equation
(11e) for the indirect method), takes the value of every
central point on each panel; the collocation points:
P=Dsi, Pszee.y Psne For illustration, let us apply the
collocation method to BIE (10a) (for psS):

p(p)={Lo};(p) (pes) (24)

Following the development in equation (13a), the
following discrete form of equation (24) is obtained:

o(p) = (Lo (@) ~ io-,.- {Lebs, (@)

Allowing p to take the value of pSt, a collocation points
gives the following:

Ppg) - {La}s(ps,)zia,-{l;e}mj B0

Let us now introduce the notation:

Ps; = PDs,) . Vs, =VPs;), 05, =0(Ps,),
[ 951 | [ Vg, | (O |
P52 Vsa Tsa
P = » Ys = » O 7 ;
| Psn | RETS O g |
[Ll; = {Le}asj (0s,), Mg 1= {Me}mj Ps;)s

[Mfss]if = {j’ld"‘e}m.j (pS:‘) ’[NSS]:}' = {1?\]'6’}‘63j (pSi) .
Returning to the integral equation (24): by applying the
collocation method it is then replaced by the following
equation: ¢ ~ Li;;07. Which can be solved for the
Dirichlet case to Tefurn an approximation to ¢ on S.
(Although basing the BEM on this first kind equation is

not advised; this is meant to be illusirative.)
Usually, the objective is to find the solution ¢ in the
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Jomain. Returning to the BIE (10a) (for peD}):

o(p) = {Lo}s () (peD) (29
For points p in the domain, we can approximate ¢(p) as

pefore @) = {Lo}s () ”"z o ;{Le} s, (p) except in
=

its application, an approximation to ¢ (the values of the

o) has been obtained. '

Let the solution be sought at the m domain points p =
po1, PD2; oo P

op) = L0} @) 20, ks, ()

Let us now introduce the notation:

Pp; = @) Vpi = WPp,)On; = o®p:)»

‘PDJ VDJ

Ppa V2
bp = » Yo =) ¢ b

k_goDm L_anH

), = ekss, ®or): Masly = Mehas, @0,

[MtDS],}- = {Mfe}asf (ij) s[NDs]g = {Ne}as, (pDr') .

Returning back to the example integral equation 24,
using this notafion, approximations to the solution at
the domain points can be determined by the following

matrix-vector multiplication: ¢ = # L.,sOs. It canbe

observed that there is a general case in evaluating the
required matrices; it is given a set of points and a
description of the boundary, a method for evaluating the
matrix components is required.

6 Boundary Element Method

Having developed all the building blocks we may now
complete the coding for the BEMSs. In section IV, two
classes of BIE were iniroduced and these lead to two
classes of BEM; the direct and the indirect method.
6.1 Direct Method

For the chosen integral equation (9), the discrete
analogue for collocation points on S is as follows:

[ Mgs+Al+aNss ] @5 = [LssHi(M'ss- %D} ¥s, (25)
with the general Robin boundary condition
ap; + Py, = f; fori=l.n. (26)

Once the solution on the boundary is found to (25),
(26), the solution at any domain point can be found
through integrating over the boundary using (6a).
6.2 Indirect Method
For the chosen integral equation (lle), the discrete
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analogue for collocation points on S is as follows:
{(Lss“"}i(Mss-%I))Du“‘((M‘ss+VZI)*PNSS)Dﬂ}Qp:_f (27
where the general Robin boundaty condition is included
such that Do and Dy are diagonal matrices with
diagonal components ¢; and P; respectively. The
solution of equation ,(27) gives Gy, the discrete
equivalent of the layer potential o, on the boundary.
The solution in the domain and on the boundary can
then be found by direct integration using equations
(11a) and (11b).

6.3 Weighting parameter

The value of the weighting parameter | is arbitrary
from the mathematical point of view. However, from
the computational point of view, we need to avoid the
equation becoming close to a first kind equation (that is
if p is small for the Dirichlet boundary condition) and
we also want fo avoid similar issues arising if we solve
over something close to the N operator (that is if p is
Jarge for the Neumann boundary condition).

The “size’ or norm of the relevant matrices must also be
taken into account when choosing a value for p. A
reasonable choice would therefore seem to be to choose
a value of p that balances the relevant matrices and
therefore the relative contribution from the two
underlying formulations. Out of the four matrices in the
boundary solution, only Nss has the property such that
its norm is inversely propottional to the size of the
panels; the norms of the other mafrices stay
approximately the same as the boundary panels become
smaller. Hence, in the direct and indirect methods, the
underlying contributions from the two integral
equations are balanced through applying the following

M'ss +ll

N

for the direct method

values for p: =

1
MSS +EI

N

7 Test Problem and Results

Finally the direct and indirect BEMs are applied a
test problem and the results are observed. The test

for the indirect method.

and {4 =

problem consists of a square with vertices (0,0),

(0.1,0), (0.1, 0.1) and (0.1,0), as illustrated in figure
4. “The boundary condition is defined as illustrated
in figure 5. A computational solution is sought at
the  points (0.025,0.025), (0.025,0.075),
(0.075,0.075), (0.075,0.025) and (0.05,0.05), also
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illustrated in figure 4.

SN T R I

+ \2@; g) -
¢=10 | 1 =20

Joel 3;; -
14 R
Ja \?@; gg 1
42 V:O e
G t i1 . 3 1 3 1 :
ﬂ 1] 1 1] 13 [} ] 3 ),E

Figure 4. A square divided into 32 panels.

The results from the two methods are given in the
following table.

point exact | direct indivect
(0.025,0.025) | 12.5 12.4709 12.4891
(0.025,0.075) | 12.5 124709 12.4891
{0.05,0.05) 15 15.0008 14.9939
{0.075,0.025) | 17.5 17.5306 17.4927
(0.075,0.075) | 17.5 17.5306 17.4927
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